Abstract: Lightning strikes on high-voltage transmission lines may create hazardous touch potentials on adjacent substation equipment and damage control equipment. When designing suitable substation earthing electrodes to overcome this problem and safely dissipate the transient fault currents to ground, it is essential to consider the behaviour of the current flow. The steadystate frequency equivalent to a lightning strike is at least 0.25 MHz, which corresponds to a current skin depth d of about 10 m in homogeneous soil of conductivity 0.01 S/m. This surface effect causes the impedance of an electrode system to be considerably larger than the power-frequency resistance. Thus a dedicated electrode is normally placed in parallel with the low-frequency earthing system, usually taking the form of a simple vertical rod of copper-coated steel about 5 m long. The work presented suggests that a long rod is not ideal for the purpose. Using a relatively simple numerical finite-difference procedure it has been found that a flat disc electrode parallel to the surface of the ground achieves a significant improvement over the performance of a vertical rod. Both rod and disc have been solved in the frequency domain, but the rod has also been analysed in time-stepping form so that the peak voltage for a given imposed current can be compared with that deduced from the equivalent steady-state complex impedance.
Introduction
High-voltage substations are provided with secure earthing systems in the form of a horizontal grid or lattice of copper rods about 0.5 m below the surface, often combined with vertical driven rods connected to some of the intersecting nodes, particularly around the edges of the grid. This system is designed to provide a low-resistance path for powerfrequency fault currents radiating out towards a zeropotential hemisphere of very large radius (the so-called 'true earth plane'). The major part of this ohmic resistance occurs close to the earthing system and can be reduced by increasing the dimensions of the grid and/or adding more vertical rods. However, the latter must be sufficiently far apart to avoid deterioration of their individual effectiveness due to mutual interference. In contrast, the size of the true earth hemisphere assumed for the purpose of calculation is not important. For example, the DC resistance of a shell of homogeneous soil of conductivity 0.01 S/m carrying a uniformly distributed and radially directed current between a hemisphere of radius 1 km and infinity is only about 16 mO.
When considering the requirement for protection against high-frequency transient faults, such as those caused by lightning strikes on nearby transmission lines, a system designed to handle power-frequency fault currents may be unable to prevent hazardous touch and step potentials or damage to control equipment.
First, the steel structural components used to support some substation equipment are not generally suitable for carrying high-frequency fault currents into the earthing system due to the very high surface current density (resulting from the well-known eddy-current skin effect). At 0.5 MHz, for example, the internal impedance of a steel angle section can be up to two orders of magnitude higher than at 50 Hz, so that a large current may produce a dangerous touch potential. The use of copper straps connecting equipment directly to the below-ground electrodes is therefore advisable.
Secondly, the behaviour of the fault current within the ground needs to be considered. It is well known that the skin-depth parameter in a nonmagnetic conducting material is defined as d ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi ffi pf sm 0 p [1] , so that for homogeneous soil of conductivity
. Given that the steady-state frequency usually taken to represent a lightning strike is in the range 0.25 to 0.5 MHz, d varies between 10.1 and 7.12 m. The current density decays exponentially with distance from the surface according to the complex factor exp{(1+j)y/d} [1] , and so the major portion of the current flows within a surface layer of depth 3d, i.e. up to about 30 m. Thus a short distance from the injection point the current will have established a flow pattern of relatively shallow depth that is almost entirely parallel to the surface and directed away from the axis of symmetry.
Under homogeneous soil conditions this surface effect will cause the impedance of any electrode system (a reactive component is now involved) to be larger than the lowfrequency resistance. Thus a dedicated electrode is often used in parallel with the low-frequency system, usually consisting of a long vertical driven rod of copper-coated steel with a copper strap connection reaching directly up to the apparatus to be protected. The rod may be typically 5 m in length and 16 mm in diameter. However, the work presented in this paper suggests that a long rod is not ideal for the purpose, the reason being that the current will tend to leave the surface of the rod in a way that mirrors the exponential form of the skin effect. Indeed a 30 m rod would inject current into the surrounding soil in an almost exact one-dimensional flow pattern. The current density near the top of the rod will not only be very high but also restricted to a small surface area, to the detriment of the resulting impedance that is strongly influenced by the nearfield region. The rapidly decreasing benefit of lengthening a vertical rod is well illustrated by the analysis described in Section 2, which has been used to show that an increase in length from 3 to 4 m decreases the impedance by about 13%, whereas from 5 to 6 m only achieves a 6% reduction.
There is nothing that can be done to avoid the skindominated current flow further from the electrode, but it would be useful to find an electrode shape that reduces the tendency to establish a strong skin-dominated regime close to the device. Using a relatively simple numerical finitedifference procedure, it has been found that a flat disc electrode parallel to the surface of the ground achieves a significant improvement over the performance of a vertical rod, due only in part to the increased surface area of the conductor. The reactive component of the impedance is lower, and, unlike the rod, increasing the major dimension (radius) of the disc does not increase its reactance.
When comparing the performance of a disc and rod, one possibility is to select a disc radius that yields the same DC resistance as a 5 m rod, namely 21.6 O in soil of conductivity 0.01S/m. For ease of calculation, the simpler position for a disc is on the ground surface where current exits only from its lower face. In this position the DC resistance is given by 1/4as, where a is the radius of the disc, leading to a ¼ 1.16 m. Thus we investigate how surface discs with radii in the range 1 to 1.5 m compare with a standard rod of length 5 m. In practice a disc would be buried about 0.5 m below the surface, thus lowering the impedance slightly.
The analysis is based on the numerical finite-difference method because the geometry of the two electrodes is simple. This choice is one of convenience and not intended to suggest that the method is superior to other wellestablished techniques [2] such as finite elements for which commercial software is readily available, e.g. the Opera suite of computer programs produced by Vector Fields [3] . The only advantage of the method of finite differences is that the program is easy to construct when the geometry is simple, and, if desired, displacement effects can be added very easily to the main diffusion process, see (1) . However, displacement current is not significant in typical soil conditions below about 1 MHz. The defining diffusion equation can be solved in either the frequency domain using complex variables, or in the time domain by time-stepping.
A lightning discharge is conventionally represented in terms of an equivalent steady-state frequency so that the ground impedance of the electrode can be determined. The latter parameter is of vital interest because, for a given fault current, it dictates the potential rise that will be experienced by the connected apparatus. Typical rise times for the current pulses associated with lightning are in the range 0.5 to 1 ms, leading to equivalent periodic times of between 2 and 4 ms, and frequencies from 0.5 to 0.25 MHz.
An important practical effect neglected in the present work is soil breakdown due to the very high electric field that may occur at the electrode surface as the transient fault current reaches its peak. The soil ionisation gradient is usually taken to be between 300 and 400 kV/m [4] and when the surface electric field exceeds this threshold the electrode is effectively surrounded by a sheath of soil of relatively high conductivity whose thickness varies with time as the electric field changes. Geri [4] models the phenomenon by increasing the diameter of the rods forming the electrode system. A vertical rod electrode subjected to a massive discharge will almost certainly experience soil breakdown near the ground surface where the current density is higher, whereas the disc is less likely to do so because of the greater surface area. Thus, in the present comparison, where the soil is assumed to be a linear homogeneous material, the real resistance of the vertical rod will be lower than the value calculated if the effective rod diameter near the ground surface has increased due to ionisation. However, the intention of the work described here is not to model the electrodes in great detail but to reveal an interesting, and initially unexpected, feature regarding the difference between the two reactive components of impedance mentioned earlier. Furthermore detailed analysis of a buried disc in a practical situation, e.g. modelling soil nonlinearity, can be undertaken at a later date.
Both rod and disc have been solved in the frequency domain, but the rod has also been analysed in time-stepping form so that the peak transient voltage for a given current impulse can be compared with that deduced from the equivalent steady-state complex impedance.
Numerical method for steady-state solution
Both rod and disc have axial symmetry so that the solution can be found in terms of the single circumferential component of magnetic field H y in a cylindrical (r, y, z) co-ordinate system, with the z-axis forming the axis of symmetry; H y is a function of r and z only and on the surface of the ground (z ¼ 0) H y ¼ I/2pr where I is the peak injected current. The other boundary conditions can be assumed to be as shown in Fig. 1 , where the problem has been inverted for convenience. The current skin effect will cause H y to tend to zero at a large depth z ¼ d, where d can be taken as approximately four times the skin depth d. On the surface of the rod r ¼ a the electric field component E z is required to be zero because the electrode is assumed to be infinitely conducting. If the current leaving the small tip of the electrode is neglected, H y ¼ 0 on the section of the boundary r ¼ a, lozod. At some distance r ¼ c from the axis of symmetry (where c is typically about 30 m), the current flow has one-dimensional form and is entirely radial, leading to the condition E z ¼ 0.
In problems of this type the partial-differential equation for H y (derived from Maxwell's equations) can be simplified by the substitution H ¼ rH y which then results in the 
When E z ¼ 0, (3) simplifies to @H/@r ¼ 0, and the boundary conditions in terms of the modified field component H or its normal derivative are shown in Fig. 2 . Using centre differences, (1) can be written in finite-difference form as
where Fig. 2 has been overlaid by a rectangular grid or mesh with cells of dimension Dr Â Dz. Each node of the grid has a unique address (i, j) where r i ¼ a+(iÀ1)Dr and z ¼ (jÀ1)Dz, the corner point r ¼ a, z ¼ 0 having the address (1, 1).
In the successive over-relaxation (SOR) method the grid is scanned by columns starting at node (1,1) to progressively refine H i,j in terms of the four neighbouring values. SOR uses updated values as soon as they are available and so during the (k+1)th iteration or scan
where
The change in the value of H i,j that is taking place is known as the residual or displacement
The SOR technique, as its name implies, is to enhance or accelerate the direction of this change by a factor a. Thus the new value of H i,j is given by
In practice, because H i,j is complex, it is found more effective to have a complex acceleration factor a of the form aÀjb, where ao2 and b{a. A typical value for a large grid of about 10 6 nodes is 1.98Àj0.002 but it is advantageous to improve the estimate of a during the iterative process. A useful technique is given by Stoll [5] , based on the original real-number method of Carre [6] .
The Dirichlet boundary conditions on z ¼ 0, z ¼ d, and r ¼ a (zZl) in Fig. 2 remain fixed during the iterative process. However, where the Neumann condition @H/ @r ¼ 0 prevails the boundary nodes have to be included during each scan. For example, on r ¼ c, the simple centredifference formula requires that the value of H at the imaginary node just outside the boundary is equal to the value just inside, i.e. H i+1,j ¼ H iÀ1,j . This substitution is made in (5) for these boundary nodes.
The solution is assumed to have converged to the required steady-state set of complex values of H i,j when the maximum residual (6) detected during a given scan of the mesh is less than some value specified in the data; a quantity determined by numerical experiment.
Following satisfactory convergence, the impedance is determined by integrating E r along the surface of the ground from the rod to the radius of the 'true earth' hemisphere, which is here taken to be R 0 ¼ 2000 m.
The outer radius c of the inner zone where the finitedifference method has been applied is at sufficient distance from the rod for the one-dimensional skin effect to have fully formed. It is therefore easy to determine the contribution of the outer zone to the integral of E r because the electric field is entirely radially directed. Thus, the flux crossing a thin circular ribbon of radius c and depth dz is 2pcdzE c , where E c is the value of E r at r ¼ c. But the same flux will cross a similar ribbon of any radius r within the outer zone crrrR 0 . Thus rE r ¼ cE c and the integral reduces to
The contribution of the outer zone to the impedance is therefore given by
where I is the peak fault current injected by the rod. For the inner region (0oroc) E r must be computed at each surface node. Equation (2) indicates that this process requires qH/qz at each point. A formula for the derivative of an end (surface) point is given by Burden and Faires [7] , and so (2) yields
where H i,1 is the constant boundary value I/2p. The integral of E r over the range 0rrrc is obtained by Gregory's formula, which can be applied to either an odd or even number of equally spaced values. The inner zone impedance Z i then follows by dividing the integral by the injected current and the total impedance is simply Z i +Z o . If the rod is replaced by a disc with its lower surface in contact with the ground, the solution process is almost identical. The left-hand boundary in Fig. 2 is now the axis of symmetry r ¼ 0 where H ¼ 0. On the ground surface z ¼ 0, the condition E r ¼ 0 ¼ qH/qz is imposed over the conducting surface 0oroa (where a is now the radius of the disc), with H ¼ I/2p for rZa as before.
Steady-state results
The standard vertical rod of 5 m length and 8 mm radius presents a below-ground impedance of 29.18+j12.41 at 0.25 MHz rising to 33.43+j20.11 at 0.5 MHz. The magnitudes are 31.71 and 39.01O, respectively. The soil conductivity has been taken as 0.01 S/m with a relative permittivity of 10, although the displacement current is almost negligible below 1 MHz. Table 1 lists the impedance at two frequencies of surface discs having radii between 1.0 and 1.5 m, this range having been selected in view of the fact that a disc of radius 1.16 m has a DC resistance equal to that of the rod (21.6 O). However, Fig. 3 illustrates wider range of disc size at 0.25 MHz, where it can be seen that a radius of 1.05 m gives the same resistance as the rod but with the advantage of about 3.5 O less reactance; a 28% decrease. At the higher frequency of 0.5 MHz this reactance advantage is found to improve to 34%. The disc reactance appears to be virtually independent of radius over the range considered; some of the small variation shown in Table 1 being due to numerical discretisation error.
The reason for the lower and constant values of disc reactance must lie in the fact that the long rod facilitates the establishment of the one-dimensional skin behaviour closer to the electrode than occurs with the disc. In a fully established skin pattern it is well known that the resistive and reactive components are equal. Figure 4 shows the way in which the surface electric field decays rapidly from the surface of a 5 m rod and the edge of a disc of 1 m radius when a peak current of 1000A is injected at 0.25 MHz. The electric field, having the units V/m, is equivalent to the step potential. At this frequency the magnitude of the electric field is considerably higher close to the edge of the disc, although in practice the latter would be buried to a depth of at least 0.5 m. At distances greater than 3 m from the electrodes the curves are almost identical. Even with a fault current of only 1000A the ground surface could be hazardous within about 8 m of the electrodes. High-voltage electrodes should therefore be placed as far from the perimeter fence of the substation as possible, and appropriate areas within the compound covered by layers of insulation.
Transient solution
When studying the same problem under a transient current pulse, the magnetic field component H in (1) is no longer complex but a function of time, and the right-hand side of the equation must be replaced by sm 0 @H/@t. This is a diffusion equation (with no displacement term) and can be solved by a finite-difference time-stepping method.
In the simple explicit time-stepping algorithm qH/qt at node i, j is expressed by the forward difference approximation
where the time at step k is given by t ¼ kDt. The space derivatives in (1) are expressed in the usual way in terms of the nodal values at step k. Thus one new value at step k+1 is expressed in terms of four known values at step k, leading to the name explicit. Unfortunately this algorithm is only stable for very small time increments Dt and therefore not efficient in computation time. Although it is possible to move to the relative complexity of an implicit method, where all the new values at step k+1 have to be computed in one operation, there is an explicit and unconditionally stable scheme that was devised by Dufort and Frankel [8] . However, the algorithm may be subject to truncation errors unless
where Dx is the smaller of Dr and Dz. The Dufort-Frankel equation can be derived from the simple explicit equation by simply replacing H i,j,k by the average of the H i,j values at kÀ1 and k+1 to yield an equation of the following form: Instead of explicitly determining a new nodal value in terms of four neighbouring values at the previous time-step, the Dufort-Frankel scheme of (11) requires the inclusion of the value of H i,j two time-steps earlier, i.e. it is a three-tier system. There are in fact two independent interleaved sets of nodal values of H that can be pictured in terms of a three-dimensional 'chess board' consisting of black and white nodes in a space-time continuum. Application of the boundary conditions follows the complex case. The excitation appears in the boundary (ground surface) term i(t)/2p, where the current is now a specified function of time. Three models of a transient current pulse were used, all having a peak value of 1000A.
Half sinusoids of width 1 and 2 ms, i.e. with rise times of 0.5 and 1 ms.
Triangular waveforms with steep wavefronts rising linearly for 0.5 and 1 ms, followed by a long tail of 100 ms. Only a short section of the latter was computed because the sudden change of slope makes this waveform very artificial.
A standard double-exponential impulse of the form i ¼ b{exp(Àa 1 t)Àexp(Àa 2 t)}. The shortest one recommended by IEC 1989 [9] is the 1/20 pulse with a front time T 1 ¼ 1 ms and a time-to-half-value T 2 ¼ 20 ms; T 1 is defined as 1.25 T, where T is the time taken for the current to rise from 10 to 90% of its peak value; T 2 is the time from the start of the impulse to the instant at which the current tail has decreased to half the peak value. To achieve these times and a peak of 1000A, it is required that b ¼ 1086, a 1 ¼ 3.65 Â 10 4 and a 1 ¼ 2.3 Â 10 6
. The current changes relatively slowly near its peak value, the latter only being reached after 1.8 ms. However, the magnitude of the current at t ¼ T 1 is 940A, which is sufficiently close to 1000A to enable reasonable comparison with other model risetimes of 1 ms.
The minimum space step employed was 0.02 m and the soil conductivity assumed to be 0.01 S/m. If (10) is interpreted as requiring Dt/0.02 (where Dt is expressed in seconds) to be 100 times less than O(sm 0 ), the maximum time-step is only 0.02 ms. The latter value can be used during the tail of the pulse, but after some experimentation Dt was set 100 times smaller for the initial rise.
Transient results
A current impulse in the form of half a sine wave can be used as a convenient check on the transient computer program. With a pulse of width 1 ms, a peak potential of 37.12 kV occurred on the rod after 0.34 ms, or 0.16 ms before the current peak. In contrast, the 0.5 MHz steady-state peak is 39.01 kV with the current phasor lagging the voltage by 31.11, or 0.173 ms (using the 0.5 MHz impedance quoted in Section 3). The time displacements are within 8% and the peak impulse potential is 5% lower than its steady-state counterpart. For a pulse of 2 ms width, i.e. 1ms rise, the latter difference is about 3.5%. However, one should not expect complete agreement because the half-sinusoid is a transient impulse and not simply a segment of a steady-state excitation process. Table 2 gives the results for two triangular current pulses, together with the peak value of the steady-state voltages at the corresponding frequencies. The maximum potential always occurs at the end of the rise period in this simplified linear model. The steady-state results appear to underestimate the maximum impulse potential by between 6 and 8%.
A more informative result is found in Fig. 5 where the double-exponential 1/20 current impulse and its potential rise response are shown over a period of 1.7 ms. The peak voltage is 27.4 kV and occurs at tE0.9 ms. The triangular and sinusoidal impulse voltage responses are also superimposed on Fig. 5 , both for 1 ms risetimes. Over the first 0.5 ms the exponential and sinusoidal potential values are similar. Thereafter, as might be expected, there is no agreement. However, the potential associated with the linear impulse decays sharply after its peak value of 34.4 kV and merges with that of the exponential impulse while the latter is still close to its maximum of just over 27 kV. This is due to the fact that the rates of change of both currents are small in this region. It was noted with reference to Table 2 that the steadystate solutions produce peak voltages that are approximately 7% lower than the values obtained from the linear impulses. On the other hand, the 0.25 MHz solution yields a peak value about 15% higher than that of the doubleexponential current impulse with a front time of 1 ms. However, the actual risetime of the latter is appreciably more than the front time and so comparison is difficult.
Conclusions
A typical 5 m high-frequency vertical earthing rod in homogeneous soil of conductivity 0.01 S/m has an AC impedance to DC resistance ratio of about 1.47 at 0.25 MHz (the lower end of the range normally assumed to represent lightning strikes). This ratio is approximately proportional to the square root of the soil conductivity. The high impedance is caused by the well-known skin effect, whereby all the current flows close to the surface. Not only is the resistance significantly increased above its lowfrequency or DC value, but there is a substantial reactive component. Although the impedance can be reduced by making the rod longer, the gain becomes increasingly marginal. However, it has been shown that a horizontal disc on or just below the surface can be used as a successful alternative to the rod. Apart from the larger size, the only disadvantage of the disc is that the step potential close to its edge is higher than that of the vertical rod. The resistance can be reduced by increasing the radius of the disc as Fig. 3 illustrates if space allows, although in practice it would no doubt be preferable to bury the disc a short distance below the surface, which will have a similar, although less marked, effect that should be investigated. Of particular importance, the present study has shown that there is a significant reduction in the reactive component when two electrodes having the same DC resistance are compared. The disc reactance is found to be independent of radius.
By solving the rod problem in real time using triangular and double-exponential current impulses with appropriately steep wavefronts, the practice of employing a steady-state frequency to represent a lightning impulse has been shown to be a reasonable one.
